The category of metric spaces is a subcategory of quasi-metric spaces. In this paper we extend the notion of entropy for the continuous maps of a quasimetric space via spanning and separated sets. We also introduce two metric spaces associate to a given quasi-metric space and we compare the entropy of a map of a given quasi-metric space and the maps of its associated metric spaces. We show that the entropy of a map when we add the symmetric properties is grater or equal to the entropy without paying to the symmetric property of the space.
Introduction
The word entropy was coined by the German physics R. Clausius (1822-1888), who introduced it in thermodynamics in 1865 to measure the amount of energy in a system that cannot product any work. Topological entropy as an invariant of topological conjugacy was introduced by McAndrew, Adler, and Konheim [1, 2, 12, 13] . They introduced the same concept via measures as measure theoretic entropy. The other approach for metric spaces via separating and spanning sets was presented by Dinaburg and Bowen [3, 4, 5, 9] . This notion has been considered and applied from different viewpoints [6, 7, 8, 14] . In this paper we define the entropy of a continuous map of a quasi-metric space via separating and spanning sets in quasi-metric spaces. We construct metric spaces associate to a quasi-metric space and we deduce a method for calculating the entropy of maps on quasi-metric spaces via the entropy of its associated metric spaces. We extend the notion of entropy for the continuous maps on quasi-metric spaces. In theorem 4.1 we show the role of the symmetric property of the space in topological entropy.
Entropy by using of spanning and separated sets
In this section we extend the concept of topological entropy for the maps on quasi-metric spaces which are continuous according to a special topology defined by quasi-metrics. Definition 1. Let X be a set, a quasi metric [10, 11] is defined as a function e : X × X −→ [0, +∞) that satisfies the following axioms.
(1) e(x, y) ≥ 0, (2) e(x, y) = 0 ⇔ x = y, (3) e(x, z) ≤ e(x, y) + e(z, y).
for all x, y, z ∈ X.
(X, e) is called a quasi-metric space. So quasi-metric has all the properties of metrics except symmetry. Example 1. Let X be the set of real numbers and let:
Then e is a quasi-metric on X.
If (X, e) is a quasi-metric space, then we define: B r t (p) = {x ∈ X : e(p, x) < t}, and B r t (p) = {x ∈ X : e(p, x) ≤ t}. B r t (p) is called the open right t-ball centered at p, and {B r t (p), p ∈ X, t, r ∈ R} is a base for a topology on X. Recall: Let {x n } ⊂ R be any strictly increasing sequence convergence to x in the topological space generated by open right t-balls of the Example 1, one can easily prove that {x n , x} is not compact, but if {x n } ⊂ R is strictly decreasing sequence then {x n , x} is compact. We also define an open left t-ball centered at a point p by:
We define its closure by B l t (p) = {x ∈ X : e(x, p) ≤ t}. An open t-ball centered at a point p is the set:
and its closure is 
In the rest of this paper the topology of X is the topology generated by {B t (p), p ∈ X, t, r ∈ R}.
If T : X −→ X is a continuous map and, n is a natural number we define a new quasi-metric e n on X by:
Definition 2. For a natural number n, ǫ > 0, and a compact subset K of X we say that a subset F of X is an (n, ǫ)-span of K with respect to T , if it satisfies the following properties: If x ∈ K, then there is y ∈ F such that e n (x, y) ≤ ǫ, and e n (y, x) ≤ ǫ (i.e.,
Definition 3. If n is a natural number, ǫ > 0 and K is a compact subset of X then we denote the smallest cardinality of any (n, ǫ)-spanning set of K with respect to T by r ′ n (ǫ, K). (When we need to emphasise on T we shall write r
, where the supremum is taken over the collection of all compact subsets of X. We sometimes write h ′ e (T ) instead of h ′ (T ) to emphasis the dependence on e.
Now we shall give an equivalent definition. In this definition we use of the idea of separated sets which are dual to spanning sets. For a natural number n, ǫ > 0, and a compact subset K of X, a subset E of X is called an (n, ǫ)-separated of K with respect to T , if it satisfies the following property: If x, y ∈ E, and x = y, then e n (x, y) > ǫ or e n (y, x) > ǫ.(i.e., If x, y ∈ E, and
If n is a natural number, ǫ > 0 and K is a compact subset of X then s ′ n (ǫ, K) denotes the largest cardinality of any (n, ǫ)-separated subset of K with respect to on T . (When we need to emphasis T we shall write s
Proof. If E is an (n, ǫ)-separated subset of K with the maximal cardinality then E is an (n, ǫ)-spanning set for K, because if x ∈ K then there is y ∈ E such that e n (x, y) ≤ ǫ and e n (y, x) ≤ ǫ. Therefore r
To show the other inequality suppose E is an (n, ǫ)-separated subset of K and F is an (n, ǫ 2 )-spanning set for K. Define Φ : E −→ F by choosing, for for each x ∈ E, some point Φ(x) ∈ F with e n (x, Φ(x)) ≤ ǫ 2 and e n (Φ(x),
and e n (z, x) ≤ ǫ 2 then e n (y, z) ≤ ǫ and e n (z, y) ≤ ǫ, which is a contradiction. Therefore the cardinality of E is not greater than the cardinality of F . Hence s
and it is obvious that s n (., K) is a non-increasing map on (0, +∞).
. We also write s ′ (ǫ, K, T, e) if we need to emphasis to the quasi-metric e. The value of s ′ n (ǫ, K) could be ∞, and it is obvious that s n (., K) is a nonincreasing map of (0, +∞). Remarks:
, where the supremum is taken over the collection of all compact subset of X.
3. The entropy of maps on metric spaces and the entropy of maps on quasi-metric spaces
In this section we define a metric d e by quasi-metric e, and we study the relation between topological entropy h de(T ) and h ′ e (T ), where h de (T ) is the topological entropy h(T ) with respect to the metric d e and h ′ e (T ) is the topological entropy h ′ (T ) with respect to the quasi-metric e. If (X, e) is a quasi-metric space then it is obvious that (X, d e ) is a metric space, where d e is a metric on X defined by:
For the metric space (X, d e ), suppose the map T : (X, d e ) −→ (X, d e ) is continuous and h de (T ) is its topological entropy, (i.e.,
where the supremum is taken over the collection of all compact subset of X and r n (ǫ, K, T, d e ) denotes the smallest cardinality of any (n, ǫ)-spanning set for K with respect to the metric d e and T , and s n (ǫ, K, T, d e ) denotes the largest cardinality of any (n, ǫ)-separated subset of K with respect to the metric d e and T ). Since e(x, y) < ǫ and e(y, x) < ǫ then d e (x, y) < ǫ, so B(x, e, ǫ) ⊆ B(x, d e , ǫ).
Since d e (x, y) < ǫ, then e(x, y) < 2ǫ and e(y, x) < 2ǫ, so B(x, d e , ǫ) ⊆ B(x, e, 2ǫ). Therefore the topology generated by open sets {B de (x, ǫ), x ∈ X, ǫ > 0} is the same as the topology generated by open sets {B r (x), x ∈ X, r > 0}. 
}.
So if E is an (n, ǫ)-spanning set for K of minimal cardinality with respect to the quasi-metric e and T , then E is an (n, ǫ)-spanning set for K with respect to the metric d e and T , because if e(T i−1 x, T i−1 y) ≤ ǫ and e(T i−1 y,
If E is an (n, ǫ)-separated subset for K of maximal cardinality with respect to the quasi-metric d e and T , then E is an (n, ǫ)-separated subset for K with respect to the metric e and T , therefore s n (ǫ, K, T, d e ) ≤ s ′ n (ǫ, K, T, e). On the other hand if E is an (n, ǫ)-spanning set for K of minimal cardinality with respect to the metric d e and T , then E is an (n, 2ǫ)-spanning set for K with respect to the quasi-metric e and T , because if d en (x, y) ≤ ǫ, then Now we define another metric on (X, e). If (X, e) is a quasi-metric space, then (X, m e ) is a metric space, where m e (x, y) = max{e(x, y), e(y, x)}. If e(x, y) < ǫ and e(y, x) < ǫ then m e (x, y) < ǫ, so B(x, e, ǫ) ⊆ B(x, m e , ǫ).
If m e (x, y) < ǫ, then e(x, y) < ǫ and e(y, x) < ǫ, so B(x, m e , ǫ) ⊆ B(x, e, ǫ). Therefore the topology generated by open sets {B me (x, ǫ), x ∈ X, ǫ > 0} is the same as the topology generated by open sets {B r (x), x ∈ X, r > 0}.
. Hence e n (x, y) < ǫ and e n (y, x) < ǫ. This prove that any (n, ǫ)-spanning set for K with respect to the metric m e is a (n, ǫ)-spanning set for K with respect to the quasi-metric e. On the other hand if e n (x, y) < ǫ and e n (y, x) < ǫ then e(T i (x), T i (y)) < ǫ and e(T i (y), T i (x)) < ǫ, 1 ≤ i ≤ n − 1. So max{max{e(x, y), e(y, x)}, ..., max{e(T n−1 (x), T n−1 (y)), e(T n−1 (y), T n−1 (x))}} < ǫ. Therefore m en (x, y) < ǫ. This prove that any (n, ǫ)-spanning set for K with respect to the quasi-metric e is a (n, ǫ)-spanning set for K with respect to the metric m e . The set E is (n, ǫ)-spanning set for K with respect to the metric m e if and only if E is a (n, ǫ)-spanning set for K with respect to the quasi-metric e. Hence h me (T ) = h ′ e (T ). Theorems 3.1 and 3.2 imply to the following corollary. Corollary: h me (T ) = h de (T ).
Another approach to the topological entropy
A subset E of X is called a (ǫ, n)-span of K if for given x ∈ K, there is y ∈ F with e n (x, y) ≤ ǫ, or e n (y,
A subset E of K is called (ǫ, n)-separated with respect to T if x, y ∈ E, and x = y, then e n (x, y) > ǫ and e n (y, x) > ǫ.(i.e., If x, y ∈ E, and x = y, then
. r ′′ n (ǫ, K, T ) denotes the smallest cardinality of any (ǫ, n)-spanning set for K with respect to T and s ′′ n (ǫ, K, T ) denotes the largest cardinality of any (ǫ, n)-separated subset of K with respect to T . Remarks:
Where the supremum is taken over the collection of all compact subset of X. We define:
The following example show that a (ǫ, n)-span may not be the same as a (n, ǫ)-span. 
where x is any point in K. And
is a (ǫ, n)-separated set of K with respect to T , where ǫ < x < 1.
Let (X, e) be a quasi-metric space. A map T : X → X is called uniformly continuous if for given ǫ > 0 there is δ > 0 such that e(x, y) < δ implies e(T (x), T (y)) < ǫ. The space of all uniformly continuous maps of a quasi-metric space (X, e) is denoted by UC(X, e). Proof. Let F be a (ǫ, mn)-span K with respect T . So for every each x ∈ K there is y ∈ F such that max 1≤i≤mn−1 {e(T i (x), T i (y)} < ǫ or max 1≤i≤mn−1 {e(T i (y), T i (x)} < ǫ.
Hence for each x ∈ K there is y ∈ F such that max 1≤i≤n−1 {e(T mi (x), T mi (y)} < ǫ or max 1≤i≤n−1 {e(T mi (y), T mi (x)} < ǫ. log r ′′ mn (ǫ, K, T ), so h ′′ (T m ) ≤ mh ′′ (T ). If T ∈ UC(X, e) then for given ǫ > 0 there is δ > 0 such that e(x, y) < δ ⇒ e m (x, y) < ǫ and e(y, x) < δ ⇒ e m (y, x) < ǫ.
e(x, y) < δ or e(y, x) < δ implies that e m (x, y) < ǫ or e m (y, x) < ǫ. Therefore a (δ, n)-spanning set of K with respect to T m is an (ǫ, mn)-spanning set of K with respect to T . So 
